Abstract. In this paper we consider 0-th order pseudodifferential operators on the circle. We show that inside any interval disjoint from critical values of the principal symbol, the spectrum is absolutely continuous with possibly finitely many embedded eigenvalues. We also give an example of embedded eigenvalues.
Introduction
The study of 0-th order pseudodifferential operators has recently attracted new attention because of connections to fluid mechanics (see the work of Colin de Verdière-Saint-Raymond [CdVS] , [CdV] and Dyatlov-Zworski [DyZw] ). In this note we address the special case of the circle. We start with a general result valid for any compact manifold. Spec ess (H) = {λ|∃(x j , ξ j ) ∈ T * M, |ξ j | → ∞, such that lim j→∞ a(x j , ξ j ) = λ} This is a slight generalization of [CdV, Theorem 2.1] where the operators are assumed to have classical symbol (in particular, a is homogeneous of degree 0).
We then specialize to the case of the circle S 1 = R/Z and assume a is homogeneous of degree 0. With the notation reviewed in Section 2, we have
is self-adjoint and σ(H) is homogeneous of degree 0. Let N = {a(x, ±1) : ∂ x a(x, ±1) = 0}, a ± = mina(x, ±1), a ± = maxa(x, ±1), then This means that inside an interval disjoint from the critical values, the spectrum is absolutely continuous with possibly finitely many embedded eigenvalues.
We conclude this introduction with an example of an operator with embedded eigenvalues.
has an embedded eigenvualue at 0, where a(x, ξ) = sin(2πx)(1 − χ(ξ)) and χ(x) ∈ C ∞ 0 (R) such that χ(ξ) = 1 at ξ = (2k − 1)π, (2k + 1)π. The corresponding eigenfunction is u k = e 2kπix , k ∈ Z n . Actually, we compute
and
In the sum the terms with l = 1, −1 will not appear. But the l = ±1 terms are 0 due to our construction. So we get a
Example 2. The first example can be used to produce an operator on T 2 which has an embedded eigenvalue. In [DyZw] , it was shown that the operator H 0 = D −1 D x 2 + 2 sin(2πx 1 ) on T 2 has absolutely continuous spectrum near 0. We can show that after perturbation by a Ψ −∞ self-adjoint operator, it will have an embedded eigenvalue at
Preliminaries
We include some preliminaries for microlocal analysis in this section. For details, see [GrSj, Chapter 3, 4] or [Zw, Chapter 4] .
Remark 1. We have a bijective map
where σ(A) is called the principal symbol of A.
We also have similar definitions for manifolds, see for example [Zw, Section 14.2] . In particular, we recall
General result on the essential spectrum
In this section we would like to study the essential spectrum of a self-adjoint pseudodifferential operator. The basic example of such operator is the Weyl quantization of a real function. We now give Proof of Theorem 1. Let
compact, so Op(a) − λ has a right inverse up to a compact operator. Similarly, it has a left inverse up to a compact operator. So Op(a) − λ is a Fredholm operator, and hence its spectrum near 0 is discrete. So λ is in the discrete spectrum. So Spec ess (H) ⊂ A.
Then we prove
on suppχ and
1,0 , it is a compact operator by Proposition 4. We know e ixξ j tends to zero weakly by Riemann Lebesgue lemma, so when j is big enough, we have
⊥ . Let P : V → V 1 be the corresponding projection and
On the other hand, we have
C 2 ε 2 , every l elements of {P u k } form a linearly independent subset of V 1 . So
Let N big and ε small, then dim ker H can be larger than any number. So dim ker H = ∞. We get a contradiction with λ ∈ Spec d (H).
The essential spectrum has regular structure by the connectedness of the sphere.
Corollary 5. Let M be a compact manifold. Let a ∈ S 0 1,0 (T * M) with H = Op(a). If the dimension n ≥ 2, then A = Spec ess (H) is a closed interval. If n = 1, then A = Spec ess (H) is the union of two closed intervals.
Proof. When n ≥ 2. Let α, β ∈ A and α < λ < β, we need to prove λ ∈ A.
So λ ∈ A as we want. So A is a closed interval.
When n = 1, we have A = A + ∪ A − where
By the same method, each term in this union is a closed interval.
The result is a little different in dimension one because S 0 = {±1} is not connected. One can construct a counterexample using the fact that there are exactly two directions in the real line and a symbol can behave differently in two directions.
Corollary 6. Make the same assumption with Corollary 5. Let n ≥ 2. If λ ∈ A is not a limit point of the spectrum, then A = {λ}.
In this case lim |ξ|→∞ sup x∈M |a(x, ξ) − λ| = 0 and A − λ is a compact operator. λ is a discrete eigenvalue with dim ker (H − λ) = ∞. Actually H − λ has finite rank.
Absence of singular continuous spectrum for the circle
In this section we want to use Mourre estimate to prove the absence of singular spectrum with some additional assumptions on the symbol.
We would like to study the self-adjoint pseudo-differential operators first. We will need the following lemmas.
Lemma 7. [CFKS, Chapter 4]
Let H : V → V be a bounded self-adjoint operator on the Hilbert space V . If there exists a self-adjoint operator A, a compact operator K and two nonnegative function
, H has absolutely continuous spectrum inside [a, b] with possibly finitely many embedded eigenvalues.
Remark 2. [AMG, Chapter 7] Let H ∈ L(V ) and A be a self-adjoint operator, then we say H ∈ C k (A) if t → e −itA Se itA is strongly of class C k .
Lemma 8. [DiSj, (8 
The method of Mourre estimate applies perfectly to the dimension one case if we add a homogeneity assumption to the principal symbol.
Since the essential spectrum is known by the previous section, we only need to prove that H has absolutely continuous spectrum with possibly finitely many embedded eigenvalues inside [a, b] .
The point here is that a 0 has only two parts (correspond to two directions on R) a 0 (x, 1) and a 0 (x, −1) so that it is easy to construct Mourre estimate. Since H is self-adjoint we can assume a 0 is real function. Let (a, b) ⋐ (a ′ , b ′ ) ⋐ R \ N be intervals that exclude critical values of the principal symbol.
′ ) and χ = 1 on (a, b). We would like to prove there exists a compact operator K such that χ(H) [iA, H] 
Letχ be the almost analytic approximation of χ as in Lemma 8. Since
−1 is compact, by Proposition 9 we have and C > 0 such that U ∈ C 2 (A) and
Then U has continuous spectrum with possibly finitely many embedded eigenvalues in Θ.
We can apply this lemma to get a theorem for unitary pseudodifferential operators. is considered. It provides a good example of a unitary operator with absolutely continuous spectrum. The method of Mourre estimate used here is the same as that in [Na] .
